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PREFACE

For many years, I studied the Riccati Equation knowing only a
little about its origin. The same probably applies to other

scientists who analyzed the equation, here and there in the

world.

During the organization activity of the workshop on "The
Riccati Equation in Control, Systems, and Signals" (Como,
Italy, June 26-28, 1989), I came across some historical papers

on Count Riccati and his equation(s). This raised my interest,

so that I read more and more papers (many of which in Italian

or Latin) on the subject.

In the attempt of serving all those who are too much involved
in analytic research to spend time on historical issues, I
eventually decided to report the results of my reading in this

booklect.

Here, the reader will first find the original paper by Jacopo

Francesco Riccati published in 1724. In this paper, Riccati

reduces a second order differential equation to & first order

one, an equation which we would now call a Riccati Equation.

The known term of this equation is a power of the independent

variable. At the end of the paper, the question was posed of



finding all exponents of the known term for which the
separation of variables was possible. From various documents,
it is apparent that Riccati already knew infinitely many cases
for which the separation of variables was actually possible.

His main concern was looking for the most general solution of

the problem.

Riccati’s problem was considered by many of the most famous
mathematicians. Here, two papers are reprinted; the first one
is an Euler’s paper of 1764, while the second one is due to

Liouville and was published in 1841.

Finally, a paper summarizing my views on the history and

prehistory of the Riccati equation can be found.

The support of the C.N.R.-Consiglio Nazionale delle Ricerche is

gratefully acknowledged.

Sergio Bittanti
Milano, Via Rivoli

April 1989
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66 ACTORUM ERUDITORUM

ANIMADVERSIONES IN ZQUATIONES
differentiales fecundi gradus, Autore Co. JA-
COBO RICCATO.

Educio zquationum differentialium fecundi ordinis ple-
rumque eft adeo perplexa, atque involuta, ut Analyflam
sninus attentum frequentiffime eludat. Dum fyntheticz viz
infiffimus, & 2 primis fluxionibus ad altiorem gradum afcen-
dimus, cum affumatur tanquam conflans vel nota differentis,
vel nulla, ez difficultates, de quibus fermo erit, vix occurront ;

quz tamen cvitari nequeunt, fi problema aliquod proponatur
fecunda
_3_



SUPPLEMENTA. Tom VI SetIL 67

fecunda elementa involvens & analytica methodo proceden=
dum fit. Infinitas dariformulas differentio - differentiales, ad
- quas pervenitur, nulla adhibita conflanre, nemo profecto ignos
-rat: totidem quoqueexhiberi pofle, ad quas pervenire non con-
ceditur, nifi conflante in fubfidium vocata, acutiores non latée
Analyftas: atquomodo ab invicem dignofci queant, &quara-
tione tractandz fint, non ita cornpertum neque obvium’puto;
cum tamen fublimioris Geometriz officium fit infpicere, quo-
usque, & quibus in circumftantiis expreflionesifiz folutionem
admittant.

Sit ex. gr. conftruenda curva, in qua quzlibet abfciff= di-
gnitas fe habeat directe ut fecunda differentia ordinatz, & in-
verfe ut fimilis differentia ejusdem abfciffz, quz curva’expo-
nitur per zquaticnem differentialem fecundi ordinis x"ddx=
ddy: ajonullam curvam inter posfibiles qu{tioni fatisfaceis,
fia primis ad fecundas fluxiones fiat tranfitus, absque eo quod
alicua prima diffecentia ufurpetur pro conftante, nec juvabit,

~ falva qualitate, zquationes ipfas qiomodocunque alteraro
five per additionem terminorum zqualium, five per valorum
fubflitutionem: at ex oppofito, confltante determinata, inveni-
untur quidem curve problematis conditionem implentes, fed
numero infinitz, & indoledifferentes; utpote quz variantur
ad arbitrariz conflantismutationem. Pofleriores hafce exprefli-
ones, quac-fub falfa fpecie nobis imponunt, a veris, atquefegiti-
mis fecernere, videtur effe profundioris indagationis; nihilo-
minus certum, & quantum fubjecta materia patitur, generale
Criterium Mathematicis examinandum propono, quod faltem
ufui eritin hisomnibus cafibus, in quibus-nos calculus integra-
lis haud deferit,

Porro ad formulas primis tantum differentiis implicitas
revocantur zquationes omnes differentiales fecundigradus, ad
quas,five sffumta five non affurnta coaflante, perventum eft, &
in quibus fecundz fluxiones cum primis, & cum finitis magai-
tudinibus quomodocunque mifcentur, dummodo alterutra ex
indeterminatis Auentibus cum fuis fanCtionibus zquationem
prqpoﬁ:am non ingrediatur ; quod di;cnduxn pariter de illis

Iz eXpres«
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68 ACTORUM ERUDITORUM
cxpresﬁonib,us, quz ad hanc formam aliqua adhibita induflria
redigi poffunt: cxterum in reli?nis, quas progreffus nofler
noncomplectitur, ad aliquos cafus particulares fe exténdere
potelt Analyflarum folertia; at fi quis canonem. generalem in-
veniret, is profecto effét mihi magnus Apolle. Jnterim confi-

deranda venit zquatio catholica (A)zdx=dy, in qua omnes for-

mulz differentiales primi gradus continentur; cum litera z
defignet magnitudinem utcunque datam per functiones COOf-
dinatarum x & 3. Tranfeoadaltiores differentias,nulla affuin-
ta conflante, proditque zquatio (B) zddx4-dzdx = ddy, quz,
dum in eoden ftatu permanet, nullo negotiv integratur. Quod-
fi ipfius forma immutetur, fubrogatis valoribus ab expreflione
(A) rawruo acceptis, tunc infinitz formulz oriuntur, quz majus
griificium poflulant. A fimplicioribus exemplum peto: loco
jphius dx fubflituatur quantitas zqualis dy:z, & primus termi-

nus zquationis (B) multiplicetur per dignitatem 27dx™, reli

ui vero per, zquivalentem 47, unde refultet nova zquatio

(D) z™*’ dx"ddx-{-dy™*’ dz:a=dy™ddy.

Hujusmods formulz expedite reducuntur ope slicujus
conflantis, quodut fiat grantun fieri poteft, generaliter defie
gno pro conflante fluxionem dx:q, cft autem g magnitudo
uomodncunque data per indeterininatas x, 7, & conftantes.
Pono dx:q:zdp, & cum fit dx:q conftans, erit pariter conflans
dp. Hincinzquatione dx=gdp transeundo a fecundas diffe- .
rentias habebimus ddx=dgdp. Prxterea flatuo dy=udp, &
famtis fecundis differentiis in cadem hypothefi conflantis dp,
eritddy=dudp. Subrogatisin expreffione (D) valoribus ut l{.
pna_dcterminalis, & inventis, orietur zquatio z™*/ qmdqdp™’
G umtdz:z xdpm =urdu dprt’, & dividendo per dp™*’,

2 gdg - u! dz : 2 =u"du, & fummando pe_l'_{c_gulas val-

gares, non omiffa conflantisg additione, g4/ smpr=w"*':
b ¢

=5 x2", quz zquatio dat ¥=zx4™"'+-gm 45", & quia
dy= udp = udx : g, opportuna adhibita fubflitutione, occur-
b |

sit zquatio reducta (E) dy=zdx:qxg™ 4 gm+gm".

Ex

_5—



SUPPLEMENTA, Tom.VUI Se&. IL. é9
Ex hoc operandi modo fponte fluunt nonaulla confe-
Qaria; | .
 Si determinata magpitudine z, ‘zquatio (E) confiruatur
faltem per quadraturas quando fieri potefl, & indeterminatz
funt feparabiles, manifeflum puto curvas infinitas noftrz for-
mulz refpondere, variatur eniris ndtira curvz, ob mutatam
conftantem dx :g, & quilibet valor qpantitatis 4 novam fem-
per zquationem localem, five algebraicam, five tranfcenden-

tem {ubminiftrat,
Quanquam alterato valore magnitudinis 4 curvz diverfz

cum invenire inter jpfas curvam, utita loquar, principalem de-
pendentem abxquatione fundamentali (8) zdx=dy; nam fi
fiatzqualis nihilo conftans g, quam addidimus integrando, fla-
tim zquatio (E) tranfit in zquationem (). In hoc cafu nihil
Tefers quznam differentia dx : ¢ accepta fit pro conflante, cum
evaneicente g, etiam guantitas 4 evanefcat.
~ Sizquatio(E) ulteriusdifferentietur, non reflituet expref-
fionem (D) nifi duobus in cafibus ; vel ponendo g=:0, & pro-
cedendo ad fecundas differentias nulla conftante aflumta, mul-
tipicatis tamen terminis per quantitates zquivalentes, ut fupra
faGtumefl; vel iterum differentiando, determinata prius pro
conflante fluxione dx :4. Utrumgque patet relegendo analyfe-
os velligia. Czterum zquatio (E) rurfus differentiata, neutra
conditioné impleta, formulamtoto ccelo diverfamab expres
fione (D) quam reducendam affumfimus, exhibet.

Idem omnino contingit, fumto pro conflante elemento
dy:q; namoperationem juxta traditam methodum inflituen-
do, quam brevitati confulens omitto, deveniemus ad zquatio-

b 4

nem reductam klxziy: q x mg+- g."‘_*_’_ refpondtﬂfcm noftrz
formulz (D), inquo pariter notandum; quod facta confiante
fuperaddita g=o, prodit expreflio fundamentalis (4) zdx=dy.
Denique ex dictis colligi poffe videtur, quod propofita
nuda formnula differentiali feeundi gradus (D) 27*! dxmddx+4-dy
" 4z z=dy"ddy, putarem ex affe me fatisfeci{le Analyfiz
Ij quan.

—6—
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ACTORUM ERUDITORUM

fo, obfervando-ad hanc expreflionem perves
niri potui(fe,‘{el nulla confante aflumta,quo in cafua locum inves
nit zquatio integralis zdx=dy, vel defignando pro conftantibus®

HAuxiones dx:q; 4y:q, & tunc fummatorias effe. dy—zdx:
X

4 - .
T T E s de=dy s dyiq X mEtE T Ads
_derem, quationem unicam zdx=Ay, quz'differentiata absque

conftantis beneficio tranfitin xquationeni (D) ab aliis infinitis

artificio fupra explicato diftingui pofle, quia femper eadem
imanet in quacunque conflantis fuppofitione, reliquz vero va-

riata conflante mutationi funt obnoxiz. _
Supereftut videamus, utrum in aliis expreflionibus, & pre-

cipue in zquatione (F) x"ddx = ddy refpondente problemati
abinitio propofito aflignatz conditiones adimpleantur ad mue
tationem conflantis, & quz rurfus differentiata, nullaconftan:
+e affumta formulam (F) faltem terminis additis, vel fubdudlis,
aut valoribus fubrogatis, falva zthaliti_te_ reflituat. Fiadigitur
de mnore dx=4dp, eritque propter conftantemdp, ddx ='_-.dng‘.
Sititerum dy =udp, hoc ¢ft ddy=dudp, & ubftituendo ¥
dqdp=.dudp, feu x"dg=du, & integrand %"’Jq,{-,;g‘: %3
fed dy=udx:q; esgody=2x:q %”’dg +gdx:q.
Hicnoto, quod fadta g=o, & reducta ultima zquations

2d fimpliciorem formam, videlicet r'ly_:-ﬁ"’dq'x dx: qy'quili-
diverfam fubminiftrat;

-0
.quantumvis moro

bet valor ipfius 4 zquativnem, & curvam
nifi fortaffe poneretur exponens m=0, quod affumtarn hypo-
thelin evertit. Idem dicendum ftatuta conftante fluxione dy: g,
ex quibus infero, frufira quari zquationem differentialem pri-
mi ordinis, quz propofitum prxflare queat, & formulam (F)
xmddx=ddy, fine conflantis-auxilio, reflituere; nam fi da-
retur talis zquatio, prodere fe deberet in quacunque conflantis
fqppo_ﬁtioné, curn tamen noftra analyfis contrarium oftendat,
Conflat igitur problema propofitum, nempe curvam in-
venire, in qua data dignitas abfciffz fit femper directe ut fecun-
da fluxio ordinatz, & reciproce ut fimilis fluxio ejusdem abfcil
{z,folyi non poffe,ficurva quefita talem proprictatem obtinere

debeat, fumtis fecundis differentiis nulla conftants determinata,
_ san; .



SUPPLEMENTA, Tom, VI SeckIL A
& ex oppofito cur¥as infinitas-fatisfacere; fi modo una, mode
altera conftans ufurpanda fit. ‘

Non erit abs re aliud exemplum in medium afferre, & fes

uentem formulam (G) x"ddx= zddx 4 dz°+42zdz? exami..
ni fubjicere. Hanc fub canone noftronon com prehendi,videtur
primoafpectu colligi ex'eo, quod zquatio utramque indeter-
minatam ¥,z cum fuis functionibus contineat - verum fi fiat
zd3=dy, nova expreflio (H) x"ddx =ddy 4 dy* ex hac fub-
fiitutione refultans juxta regulas fupra explicatas folutionem
non refpuit, . :

Inprimis defigno pro conftante differentiam dx, unde fit
ddx=o. Evanefcenteigitur termino x"4dx, remanet—ddy=
dy*, vel—ddy:dy=dy, & integrando log. dx:dy=y, vel
dx:dy=19, hocelt dx=17dy, & tandem dx:x=dy, qua
xquatio dat logarithmicam vulgarem. '

,Statup tanquam conflantem alteram differentiam dp, in
quahypothefi, exifente ddy=o, erit x"ddx=dy*. . Pono
d%=sdy:cdy, ¢ conflans elt five affirmativa five negativa,
& # variabilis determinanda. ‘Transeoad fecundas differentias,
& lefe offert zquatio ddx=dsrdy. Hinc fubftituendo x"dr=
dy, fed dy=dx:7¥e;5 igitursds edr=x -mx, & fumman-
doomifainutili conflantis g additione sr:2-f-cr=x7""":—
;z:;,fcur—}-c:?’zx"": —m¥:) Fce: atquidx:::;-_{_x_a_[_y

=dyxFzx~"*':—gt)tccigitur Ax:V2xmH i —me1cC.

e=dy.

- Quzro utrum logarithmica inventanoum, ¥ adhibita con--

fiante dx, locum pariter habere poffit in fuppofitione conflan-
tis dy num. 2ufurpata, Factaconflantec=o, pericalum facio an
forte quantitas 7" 2x™"*/: — wfs pofﬁ:effe zqua]is magnitudi-
ni x. Quoniam hinc inde quadrando 2T = XX
igithr'zx"”':—'n_z'-{: xxx, & cum eadem quantitas debeat
efle, tam in ceeficiente, quam fn exponente binario zqualis,
fequitur ad zqualitat'cm non perveniri, nifi ponendo—m -1
=2, quoincafu determinatur valorexponentism=—1

in.

2,
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w2 ~ ACTORUM ERUDITORUM

In formula (H) x "ddx = ddy}- dy*:, limitando, vt di
@um eft, valorem exponentis m=—1; fiinc ad = uationerm
x~'ddx=ddy 4 dy* pervenire, poffumus sulla affumea cons’
flante, ejusque fummatoriain hac hypothefT eft zquatiq ditfes
rentialis ad logifticam dx:x=d¥; nam afcendendo ad fecune
das differentias absque conflantis auxilio, habebimus ddx ix—
dx?: xx = ddy, fed dx*: xx=4dy*; etgoddx:x =ddy4dy*.

Quod fivalor ipfius  non fit zqualis quantitati negatis
vz —1, ad expreffionem (H) nullomodo pervenire conceditur,
nifi aliqua fluxio tanquam conftans determiretur.

Procedendo antem generaliter, ut fupra fatum eft, repeto
zquationem (H)x”ddx = ddy 4 dy*. Sumo pro conflante ele-
mentum Ax:q= dp, & ftatuo pariter dy=udp, ut obtineam
rurfus differentiando ddx = dgdp ; ddy=dudp, & fubflituen-
do x”‘_dqff =dudp 4 dy’=dudp + udydp, & dividendo per dp,

x"dg=du+tudy; fed dy=udp=udx:q; igitur X™dg = du
F uudx: 4. |
Methodus generaliter feparandi variabilesin hac expref-

fione, etiamfi quantitas 4 deturquocnnque modo per functio-
nes folius ignotz x, pro defperata habenda eft. Moneo tamen,
quod fi fiatexponens m=—1, fimplicior indeterminatz u va=
lor prodit zqualis fractioni 4:x; nam lecoi pfius u hoc valore
fubrogato, omnes termini-in zquatione fe mutuo deftruuat.
Hinc collocata in zquatione fubfidiaria dy.= adp=udx:q
hoc valore, redit zquatio ad iogarithmicam dy =dx:x, quze.
¢unque fuerit conflans affumta per magnitudinem dx:q exs
prefla.
Deniquemanifeﬂum eft, noftrum operandi progreflum in
maximam diffitultatem feparationis indeterminatarum pofire-
mo definere. Hanc fpartam olim ‘exornandam fufcepi, [peci-
menque aliquod in Diario Italico exhibui: fed aut ego fallor,
aut negotimmn tam fubtile, tam arduum, ex quo potisfimum pen-
det calculiinfinitorum optata perfectio, non nifi conjunétis vis
ribus promovendum eft. Utigitur ad hanc inquifitionem pro- .
fundioris analyfis & Geometriz cultores excitem, fequens pro-

blema propono.
e In



SUPPLEMENTA, Tom. VI Sect. 1L, 73

In fuperiori formula x"dg = du--uudx:q, datoad libi-
tumexponente m, Tlatuatur quantitas §==x". Peto qua rationie
determinandi fint valores alterius exponentis #, ut fuccedat in-
determinatarum feparatio, & zquatioais conftructio per folas -

quadraturas,

—10 —
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DE RESOLUTIONE AEQUATIONIS
dy+aeyydz=bz"dz

Commentatio 284 indicis ENXSTROEMIANI
Novi Commentarii academise scientiarum Petropolitanae § (1762/3, 1764) p. 154—169

Summearium ibidem p. 18—21

SUMMARIUM

Aequatio baec, iam dudum a Comite Riccatr Geometris proposita, tanto studio
8 summis ingeniis est pertractata, ut vix quicquem novi circa eius resolutionem proferri
posse videatur. Statim quidem infiniti valores pro exponente m assumendi sunt observati,

quibus integrale exhibere liceat, qui valores hac serie progrediuntur: 0, —4, —-%,
8 g 12 1] L etc., ac methodus, qua hi casus sunt evoluti, ita

3' T 5° 7' 7' 9
erat comparata, ut ex cognito cuiusque casus integrali integrale sequentis definiretur,
neque adeo casuum posteriorum integralia exhiberi possent, nisi jam omnes antecedentes
fuerint expediti. In hac autem dissertatione id praestatur, ut unica operatione omnium
illorum casuum integralia simul eruantur, indeque statim vel centesimi casus integrale
assignari possit. Methodus, qua hoc commodi est assecutus, omnino est singularis, dum
primo aequationem propositam, ope certas substitutionis, in aliam, quae adeo differentialia
secundi gradus involvit, transformat, eamque deinceps per seriem infinitam integrat,
quae antem series ita est comparata, ut supra memoratis casibus alicubi abrumpatur
expressionemque finitam suppeditet, unde integrale quaesitum facillime colligatur. Verum
tamen omnia haec integralia nonnisi sunt particularia, neque totam vim aequationis
differentialis propositae exhauriunt, deinde etiam, quoties quantitas b est negativa,
imaginariis ita inquinantur, ut omni plane usu destituantur. Utrique incommodo Cel.
Auctor ita medetur, ut primo methodum exponat, ex cognito huiusmodi aequationum
integrali quopiam particulari integrale completum eliciendi, quod si quantitas b fuerit
positiva, quantitates exponentiales implicat: deinde vero ostendit, quomodo istae quanti-
tates exponentiales, quae, existente b negativo, fiunt imaginariae, per tangentes arcuum
circularium realiter exprimi queant. Denique cum methodus illa, ex integrali particulari

—_13—



404 DE RESOLUTIONE AEQUATIONIS [19-21

completum eliciendi, certam quandam integrationem exigat, quae moram facessere queat,
etiam huic incommodo occurrit, dum observat, pro quovis casu primam evolutionem
non unum, sed adeo duo integralia particularia pracbere, quoniam ibi formula radicalis
Vb ingreditur, quam aeque negative, ac positive, accipere licet. Alia igitur methodo utitur,
cuius ope ex cognitis duobus integralibus particularibus integrale completum, sine ulla
nova integratione, concludi queat. Quod cum ab eo, quod priori methodo erat erutum,
discrepare nequeat, ex utriusque collatione integrationem priori implicatam efficere licet,
unde postremo hanc integrationem maxime memorabilem deducit, quod sit

fe " dz - Ce™ z2—u
ue Cu(2¢:x" lu:+"“—'—“}_—")
ubi quantitates z et u per z ita definiuntur, ut sit:
-n+l1 —3n+l =bntl
_ 0 (nn—1) —— (nn—1)(0nn—1) 0
2= + Snac * + 8n-16na'cd % + ete.
—-_n+ =3a+l 5u+l
{(nn—1) (nn—1)(9nn—1)
= T ) IR IAR—1d) —
U=z Snac © + 8n-l6naicd  ~ etc.

Cum igitur hae formae z et  adeo in infinitum excurrere queant, eo magis est mirandum,
2¢c =

quod formulae e * : z—: integrale, idque per expressionem satis simplicem, exhiberi possit.

Tum vero etiam hoc consuetae integralium formae adversari videtur, quod quantitas

constens arbitraria C, per integrationem ingresss, quae alioquin nude adiicitur, hic ipsi

formae integrali sit implicata. Quod singulare phaenomenon si attentius perpendatur,

mox patebit, integrationem illam veritati consentaneam esse non posse, nisi denominatoris

pars
2acz™luz 4 "———-d‘ =
fuerit quantitas constans, puta 4; tum enim istud integrale in formam naturalem abit:
2ec m
—Z g 1

e" ———

Au AC’

Num autem res ita se habeat, hoc modo explicari potest: Quoniam quantitates z et u per
series exprimuntur, easque ipsas, quae initio ex evolutione aequationis differentialis se-
cundi gradus sunt eruta, vicissim patet, eas ita pendere ab z, ut sit:

ddz + 2 acz™ldzdz + (n—1)acz"?zdz? =0
et

ddu — 2 acz"ldzdu — (n—1)acz* 2 udz? = 0.
Nunec prior aequatio per u, posterior vero per z, multiplicetur, ac productorum differentia

dabit
uddz —zddu + 2acz"1dz (udz + zdu) 4 2 (n—1) acz"2uzdz? = 0,

—14 —



21
154] dy + ayydz =bzdz 405

L

ocuius integrale manifesto est
udz —zdu + 2acz*uzdz = Adz.
=n+1
Cum autem, facto ac = w, fist u=z=2z * et uz =z ™+, evidens est, statui
debere 4 = 24ac, sicque integratio superior abit in hano formam:
2ac - 28c o

f Il — Const.,

quae non solum principiis est conformis, sed etiam, facta differentistione, ob
udz —zdu = 2 acdz (} —2*"1uz)

eius veritas egregie confirmatur. Hinc autem iam aequationis
dy + ayydz = accz™ dz,

posito m = 2n —2, et quantitatis z valore per superiorem seriem expresso, integrale
multo succinctiue ita exhiberi poterit, ut sit:
-26¢ o
2Cee *
T

" u)

y= ex™-1 +

azdz
z(s—Ce

o 2¢
y= ez + o:dz ipc .

i(De® z2—u)

ubi D [= é] est illa constans arbitraria per integrationem injecta ad integrale completum

constituendum.

PROBLEMA 1

1. Invenire numeros loco exponentis indefiniti m substituendos, ut valor
ipsius y algebraice per z definiri queat.

SOLUTIO?Y)
Ponatur

=+t azdz

ac posito dz constante, erit

dd dz?
dy = (n—1)cz™*dz + a_i:— a_z;zd_z .

1) Cf. L. Evrert Commentationem 95 huius voluminis p. 162 et Institutiones calculi iniegralis,
vol. II, § 928—066. Petr. 1760 = Lroxsarp! EvLERI Opera omnia, 1 12, p. 147—176. H.D.

— 15—
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Cum vero sit
' : 2cz™ldz dz?
— Sn-g
Yy = oozt azdz a*zidzs’

facta substitutione transibit aequatio proposita in hanc:

ddz
azdz

Fiat m = 27 — 2 et b = acc, habebiturque
ddz + (n— 1) acz*32dz® 4+ 2acz* ' dzdz = 0,

quae ergo resultat ex hac aequatione propositae aequivalente

+ (n—1)cz™2dz + accz®**dzx + i baxmdz,

dy + ayydz = accz**tdz
facta substitutione

y=cz~1 4 g

azdz

Fingatur iam haec aequatio:
-a+1 -3n+l =bn+l —7n+l

z=Az ® +Bz * 4+Cz * 4+ Dx * 4 etec.

eritque differentiando:

-3n—-1 =bn—-1

dz _ (ﬂ—l)Az::;l'_(:’""’ I)Bz 3 _(___5n—l)0z 3 — ete.
iz~ : .
-3 -brn—-3
.z;:’z_+(nn I)A , +(9ﬂ7‘ l)B : +(25"2—1)Cz : 4 ete.

Cum vero ex superiori aequatione per dz® divisa sit:

ddz 2acz"1dz

¥ ot —p— + (n—1)acz**z=0,

si series assumta substltuatur, prodibit sequens aequatio:
—n=3 —-3n—3

TR =L +(_91"4_"_') Bz

+(257m—1) c “;”+(49 n:—l) Dz_’:-’-}— ete.

n=3 -3 —-3n=3

—(n— l)acAz 3 —(3n— l)acBz * —(5n—1)acCz ?

—6n=3 -7n—-38

—(Tn—1)acDz * —(9n—1)acEz * —etc.
I—l —u—l —8-—3
+ (n— )acdz* + (n— l)acBz * + (n— 1)acCz *

_5._; —7n—l

+ (n—l)acDx t 4+ (n—l)acE:z: 3t ete.

— 6=
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Ponantur termini homogenei iunctim sumti nihilo aequales, ut determinentur
coefficientes 4, B, C, D, E etc., eritque

(nn—1) A  (nn—1) A

~ 2n. 4ac 2 dnac
C_(Qnu—-l) i_(nn—l)(f)nn—-l). 4
— 7 4n  4ac 2 4 4iniaict
D= (25nn—1) _C‘_ (nn—1) (9nn —1) (2520 —1) Y|
= 6n Zac 2 4 [ T 8%
__(49nn——1) _2_ (em—1) (9nn—1) (26nn—1) (49 nn—1) A
8n dac 2 4 8 8 Ry
ete.

Determinabitur ergo z per z sequenti modo:

—n41 =3n+l —Sn+l
(an—1) 4 L fan— 1) (9nn—1) A4 =2
— ) mn—1 4 = s
z=4dz + 8 nacz 8 16 nalc?
(nn—1) (Onn—1) (Ban—1) 4
+3 16 s wast | tete
Valore hoc substituto resultabit valor quaesitus: y = cz™?
—-3n~-1 -bn—1
1) (3n—1)(nn—1) A (5n—1)(nn—1)(8nn—1) 4
_i A ’ + 2 8 nacz + 2 8 16 n‘a‘c’z : -+ ete.
a -3n+1 —~bn+l
(nn 1) 4 (nn—1)(Bnn—1) 4
Az ’ + nac s =+ 8 16 nlalct z * + ete.

—a—1

sive numeratore ac denominatore per 4z * diviso: y = cz™?

-3n

(n—-l) (31-—1)(,".—1):-" (5n—I)(nn—1)(9nn—1)z~2"  (Tn—Il)(nn—1)(nn—1)(25nn—1) =

.3 T § mee! % 8 16 wac' 2 8 16 2 n-aac-+°tc'2
oz (vm—l)z " (nn—1)(9nn—1) z~2" (nn—1) (@nn—1)(25nn—1) z7"

14+ = nae +=3 T was T 8 16 % Foa T °t°"

Haec ergo expressio generaliter in infinitum excurrens fit finita, si fuerit
(2:4+1P2nn—1=0,

denotante 7 numerum quemcunque integrum, hoc est, si fuerit

— [T



408 DE RESOLUTIONE AEQUATIONIS [ 167—168

___il_ . _ _—41'—2;};2
n——2i+l et m=2n 2——___2:'-{-1 .

Huius ergo aequationis, quoties ¢+ fuerit numerus integer:

—4i-242

dy 4+ ayydz = accz ¥ dzx

integrale semper in terminis finitis poterit exhiberi, seu valor ipsius y per z
algebraice exponi.

. _ 41 oo o —4i -
Sit pnmon_——z'._i_l, ut sit m=2n 2—-2—'.7*_——“ erit huius aequa-

tionis:
-4

dy + ayydz = acca**idx

integrale in terminis algebraicis expressum:

1
ayz = acz+!

-1 -2 =3
i sn—1) 22 A —1) (P —4) B (@ — 1) (P —4) (P —9) 2]
2s+1  2(25 4 1P ac 2.4(2i + 1P a'c 2.4.6(25 + 1) s T ete.
+ = =, =3
1 SE41) 22 S —1) (i 4 2) 22 (i —1) (' —4) (s + 8) 22! t
—2(Ei+1) oc 242+ 1] a'c 2.4.6(2i+ 1P s T ete.

seu facta ad communem denominatorem reductione erit:

-1 —2

+1 L. . : s B . i+l
ey i(s—1) s —1)(1—2)= s —1) (P —4)(—3) &
aczt — e T e @i F I e ZA6@iFIP 'O + ete.
ayxr = = S =% =9
1 Q4] 2B i@—1) (42 it—1) (P —4) (i +3) ! -
T 2@i+1) ec 24EiF1P @S 2-46(2i+1F o' + ete.
. . — i —43—4 . . . .
Sit deinde n = 2‘.—_*_11, ut sit m = Tl-*-—r' erit huius aequationis

—4i—d

dy + ayydz = accx ¥ dz

integrale in terminis algebraicis expressum:

—18 —
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-1
ayz = acz*#!

1 = =2
D28 | @=1) (42 E+3) 2 SA—1)(P—4) G+ i+ 42T | b

i+,
IS S TETE S T RIS 2.4.62iF 1) P
I 1 2 3
i+ P @@=+ 2P @ =1 (P —4) (4 ) 2T
1+ 5@ o T2+ 17 o'd TeEiriy  oa el

seu facta ad communem denominatorem reductione, erit ayz =

-1 5 . - " . Py F . . : 41
e, GEDGE+2)  SE+DE+2 6+ S@—=DE+2E+IE+
gzt ey T a1y = T 2.4.6(2s 1P ot T ete.
1 e 3
SG+1) 2T S@—1) G+ 2T =P — )i+ Y2
1+ sevF D ac 23241 et Z4-6(2i 1P &2 +- ete.

Quotiescunque igitur fuerit + numerus integer, toties huius aequationis:

—46—242

dy 4+ ayydz = accz ¥ dx

integrale in terminis algebraicis potest exprimi. QE.IL

COROLLARIUM 1
2. Aequatio ergo proposite
dy + ayydz = accz™dz

integrationem algebraicam admittit, si fuerit exponens m vel terminus huius
seriei:

4 8 12 16 20 24
—0,—3 —5 —7 T T T ete.

vel si fuerit m terminus ex hac fractionum serie:
— 8 12 16 20 24 A8
T T s 7T e 1t 13
COROLLARIUM 2

3. Substituamus in priori integrabilitatis classe loco ¢ successive numeros
0, 1, 2, 3, 4 etc. atque reperietur, ut sequitur.

Lzonmarpl EULERI Opera omnia 122 Commentstiones anslyticae 52
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Si ¢ = 0, huius aequationis:

1. dy + ayydz = accdzx
integrale erit:
ayz = acz sive y =_C.

Si 7 = 1, huius aequationis:

4
II. dy +ayydz = accr *dz
integrale erit:

1 2 .
acz® cz 3 3acc
ayz = - geu y = ;= —
L2 21 112" 3acf—2°
2.3 ac 3 ac

Si ¢ = 2, huius aequationis:

-2
III. dy + ayydz =accz *dx
integrale erit:

1 1
- 2. L
acx‘—-r; acz‘—s
ayz = T e e E—
1 2-3 :_‘ 2.3.4 = ® 3z ‘+ 3z ¢
2.6 ac 2.4-5% a'c? bac 5%a%c?

Si ¢ = 3, huius aequationis:
12

IV. dy + ayydz = accz 7 dz
integrale erit:

1
3.2, 3.2.1.4 =z '
e —gmtsam e
ayr = i T 3
1 3.4 =z +345-2 z ' 3.4-5-8-2 =z '
2.7 " Tac 247 a3 2.4.6.7  ad
give
-
= 8 81 =z !
{ [,
ecz’ —s+ 5 " 53
ayz = i 3 1
6 =z 8.6 =« 7 1.3.6 =z 1
1_7 ac +F s 7 ale

—20—
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411

Si ¢ =4, huius aequationis:

I_l
V. dy + ayydz = accz *dz
integrale erit:
. 1 ;

1 -9 -
S 3 4.3.2:5 =z 4-3.2.1.6:6 3
= ec’—g5t e o T 246® o
oyzr = — - _! .
1 45 = '+4-5-e-3 z ¥ 4.5.6.7.3.2 = +4-5-e-7-a-s-z-x z °
28 “ac 2.4.98  a'c 2:4:6-00 2.4.6.8-0% ot

Si ¢ = 5, huius aequationis

20
VI. dy + ayydz = accz 1dz
integrale erit:

1 2 3
i 5 54 5 B 3-6z " 54.3.2.6.7z ' 5.4.3.2.1.6.7-8= , 1
- U731 7 240 ac 2.4.6.1 o0 ' 2.4.6-8.11 o'
- 1 2 3 K B
158z M 5.6.7.42 11 5.6.7.8.4.32 U | 5:0:7-8:9-4:3:22 11 __5.6.7.8.0.10-4.3.2z "
2.11 ac | 2:4.107 o*c? 2.4.6.11 o' 2.4.6.8.11¢ a'ct  2.4:6.8:10-11° o'

COROLLARIUM 3

4. In posteriori integrabilitatis ordine substituamus pariter loco ¢ numeros

0, 1, 2, 3, 4 etc. ac reperietur, ut sequitur.

Si § = 0, huius aequationis:

I. dy + ayydz = acczdz
integrale erit:

acr1+—lf - 1 ¢
R ¢
ayz=—7—=1+Jeuy=z+3

Si ¢ =1, huius aequationis:

8
II. dy + ayydz = accz *dz
integrale erit:

l 1
1 -—
1.2.3.4 7
l
acz +23+243= prs

ayz =
=3
14352

o] -

1. z

ac

1+

gl
wiN

=91

ac::'-T +1 +—=—.—
3ac .
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Sit= 2 huius aequationis :

III. dy + ayydz =accz “d:v
integrale erit :

1 1
2.3:4.5 gzt 1:2.3.4.5.6 z*
'  — ————— e

acz +25+245' ac T2
ay:z:— 1
2.3 :* 1.2.3.4 &
1+26 ac+246'.a'c'

Si ¢ = 3, huius aequationis:

16
IV. dy +ayydz =accx 'dz
integrale erit:

l ]

3.4.5.8 27 | 2.3-4:5:6:7 z7  1.2.3.4.5.6.7-8 '

3 i L=

_ acz +z 7+ 747 ‘ac T 246w a‘c’+ 24687  aid
a?/z 1 ] [] *

34 =7 | 2.3.4.56 = | 1.2.3.4.5:6 37
1t 55wt Tom aa T ien oo
Atque ex his casibus analogia patet, cuius ope omnium casuum, qui quidem
integrationem admittunt, integralia algebraica expedite formari poterunt.

SCHOLION

6. De his integralibus autem probe notandum est, ea non esse completa,
neque ideo aeque late patere, ac aequationem differentialem; id quod vel ex
primo casu

dy + ayydx = accdz
patet, cui etsi satisfacit ¥ = ¢, tamen facile intelligitur, logarithmos insuper
in ea comprehendi. Manifestum autem hoc est quoque hine, quod in his inte-
gralibus non contineatur nova constans arbitraria, quae in differentiali non
inerat; in quo criterium integrationis completae versatur. Caeterum vero hinc
duplicia integralia cuiusvis casus obtinentur, eo quod ¢ tam affirmative, quam
negative, accipere licet, aequatione differentiali, quae tantum cc continet, non

mutata.
PROBLEMA 2

6. Invento ope praecedentis methodi integrali particulari pro casibus
assignatis aequationis dy + ayydz = accz™dz, invenire integrale completum
pro iisdem casibus?).

1) Vide notam p. 405.
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_ SOLUTIO
Posito m = 2 n — 2, integrale particulare aequationis propositae inven-

tum est esse ayz =aca”
-n  (6n—1)(nn—1)(9nn—1)z %" (7n—l)(nn—1)(9nn-—l)(zsn"__l),—ll+et’c.

(n—1) , (3n—1)(nn—1)z
__2 +=3 8n =t 3 8n 16n  a'c? 2 8n 16n 24n &
: (nn—1)z"" (nn-—l)(an—l)z-z" (nn—l)(an—l)(26nn—l)::—"‘
1+ = o Bn 16n  a'c T %= 6n S o Tl

cuius loco scribamus brevitatis gratia y = P. Cum igitur P sit eiusmodi valor,
per variabilem z datus, qui satisfaciat aequationi

dy + ayydz = accr**dz,
erit utique .
dP + aPtdzx = accz**-*dz.

Ponamus iam integrale completum aequationis propositae
dy + ayydz = accz*™*dz
esse y = P + v, quo valore loco y substituto habebimus hanc aequationem
dP + dv+ aPdz + 2 aPvdzr + avvdz = accri**dz.

Cum vero sit

dP + aP?dx = accz**dz,
erit

dv + 2aPvdz + avvdz = 0.
Sit v = —, erit

u
du — 2 aPudz = adz,
quae multiplicata per e”**/7** denotante e numerum, cuius logarithmus hyper-
bolicus est = 1, fit integrabilis; erit scilicet aequationis
¢4 Piz(dy — 2a Pudz) = ¢ "/ adz

integrale
e—!lIPd:u = J'e—ilj'}‘l:adz ;
ideoque

u = etlIPd: e—-llJPd:adz.

substituto, erit integrale completum aequationis

e

Quo valore, cum sit v =

propositae

—23 -
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e i1cfPdz
y= P+ J‘e—!aﬂ’dzadz :

At ex problemate primo est valor ipsius y particularis, quem hic ponimus

dz
— cxn-1 .
P=czmt + azdz ’
existente
— ( : —3;#1 -_ i -l:+l G i ~7Tn+l
_ nn—I)z (nn—1)(8nn—1)=z nn—1)(8an—1)(26nn—1)z 2
z=z * + 8n ac + 8n - 16n alct + 8n. 16n - 24n a*d + ete.
Hinc erit
- 20cx"

:[Pd:::g-:—'+-‘l?lz ot el = ;22

Quo valore substituto habebitur integrale completum:

—2ges"
Y=ozt o — . QEL
zzfc— ™ adz:zz
ALITER

Quemadmodum hac ratione ex uno integrali particulari invenitur inte-
grale completum, ita ex duobus integralibus particularibus expeditius integrale
completum indagabitur, neque in hoc modo pervenitur ad formulam inte-

—20ez"
gralem, cuiusmodi est ea f e ™ adz: 2z, quae integrali completo, quod in-
venimus, involvitur. Cum enim aequatio

dy + ayydz = acca**-tdz

maneat invariata, sive ¢ affirmative, sive negative accipiatur, habemus utique
duo integralia particularia, quorum prius est

dz

— T n—1 N

y=FP=cz+ azdz
existente
+1 =3n+l —bn+1
= (nn—1) z 1 (nn—1) (8nan—1) z 3
e . .
== + 8n ac + 8n 167 alc? + ete.

—24 —
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Posterius vero simili modo investigandum erit

d
y=0Q=—cz™+ —>=;
fietque
S2 ) ST (anl) )
nn— z nn— nn— z
v=2z ' — =+ g Ton @i o

qui duo valores z et u tantum signis inter se differunt. Erit ergo tam

dP + aP'dz = accz**~dz,

quam
dQ + a@*dz = accz***dz.

Ponamus iam?)

—FP—y

==y’
quae aequatio sit integralis completa propositae differentialis; quam formam
ideo assumimus, quia in ea utraque particularium y = P et y = Q continetur,
illa nempe si fiat R = 0, haec si B = w. Fiet ergo QR — Ry = P — y hincque

_QR—P

-~ R—1"

quae dat

i = RRIQ—QdR— RdQ— RdP+4-dP + PdR
4= (B—1y ’
substituantur hic valores supra inventi

dP = —aP'dz + accz***dz

et
dQ = —a@*dz + acca**-'dz,
eritque
_ aP!dz aQ*Rdz , (P—Q)AR __ (QR— P)%dz "
dy—-acc:r.""-’d:a:+R__1 — %1 + E=F = a——-————m_l), <+ accz*-*dz.

Ex hac aequatione resultat haec
(P —Q)dR = — aRdz (P —Q),

quae divisa per R (P —Q) dat

1) Cf. L. Evrzrt Commentationem 269; vide p. 389 huius volumninis.

~25—
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dR d
—R'=G(Q—P)dz= — 2acz™dz + ;'—‘-——izf

Haec iam aequatio integrabilis existit, eritque integrale

2acz®

IR—IC=—"—"—+lu—lz

Cum vero sit R=P_y, erit
¢—y
—2scs”
P—y _ (sca*’2dz{dz—ayzdz)iz _ Ce ™ u_
Q—y (—aczvludz+du—ayudz):iu z

Hinc ita, quia valores ipsarum u et z per z constant, habebitur aequatio inte-
gralis completa '

—2acz”

Ce » dz{acz™lzdz—ayzdz _ (P—y)z QE.IL

= du—acz™udz—ayudz = (Q—y)u

COROLLARIUM 1

7. Valor particularis, quem supra pro y invenimus, ita erat comparatus,

ut esset
o (E+L)
y=e — W+

existente

K __(n=1)  (6n-1) (nn-1) (9nn-1) f-: (9n-1) (n2-1) (9n2-1) (25n2-1) (49nt-1) i" PR
—2 V2 8n 16n a?c? 2 8n 16n 24n 32n abct *

_Bn=l) (@) | (In—]) (nl) (Bnn—l) (Boun—l) 2

L 2 8n ac 2 8n 16n 24n  a'c
_ (nn—1) (9nn—1) z**  (nn—1) (9nn—1) (25nn—1) (49nn—1) . _:z::'_‘
M=1+"—=5"""Ten o'c 8n  16n  2%4n 32noia T ok

_(mn—1) z , (an—1)(8nn—1) (25~n—1) 2~2»
N = 8n ac | Bn 167 24n asc o eve

Facto autem c¢ negativo, erit alter valor particularis

n— (K—1L)
Y= =N

Erit ergo

T
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P=ac::"(M+I_'7_)‘—K—L _—acx"(M—N)—K+1L
—azdi+m ¢ az ([—K)

et z:u =M + N: M — N. Ex quibus colligitur, aequationis propositae
dy + ayydz = accx®***dx
integrale completum fore:

Ca_ _(@ear—azy) (M + N)—K—L
—(sez"+ezy)(M—N)—K+L

sive — C posito loco C

o _az(eri—y) (M4 N)—K—L,
“az(ea* '+ y)(M—N)+ K—L

COROLLARIUM 2

8. Si cc est numerus negativus, fiet ¢ hincque L et N quantitates imagi-
nariae, at c/—1, Ly/—1 et N}/—1 quantitates reales. Tum autem integrale

completum realiter expressum erit:

acz® , . __ aca"N—azyM—K
C+ n 4 I—Atang'acz'MV—l—azyNV—l—LV—l'

COROLLARIUM 3
9. Sit ¢ = by/—1, ut habeatur haec aequatio integranda:
dy + ayydz + abbat*~*dz = 0.

Huius ergo aequationis integrale completum erit?):

abz" aba"N —azyM —K
0= =4 tang. “abz"M —azyN—L

siv'e
_ K—aba"N+azyM
= A tang. T i razyN

abx™

C—

1) Vide p. 372 et 385.

Lronmarpt EULERI Opera omnia I22 Commentationes analyticae 53
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existente

K_(n-—l) (5n-1) (nn~1) (Inn-1) :r'"_L(Qn—l) (nn~-1) (9nn-1)(25nn~1)(49nn~-1) z—4»
2 5 " 8n 16n afbi' 2 8n 16n 24n  32n  ath ot

__ (3n-)) (nn-1) ™ (7n-1) (nn-1) (9nn-1) (25nn-1) z-3»
L=—— % "2p "2 81 16n 2in o T °tc

M=1— (nn-1) (9nn-1) .:r"‘ (nn-1) (9nn-1) (25nn~1) (49nn-1) 4= o
= 8n° 16n a6t * 8n  16n  24n  32n gkt o

., __(nn=1) z* (un-1) (9an-1) (25nn-1) z3*
N= 8n ab 8n 16n 24n a3 F- et

His igitur casibus integralia particularia, quae simul ‘sint algebraica, non
dantur.
COROLLARIUM 4

10. Quoties ergo fuerit n = 53':_*_—11, denotante ¢+ numerum quemcunque

integrum, expressiones finitae algebraicae pro litteris X, L, M et N reperiuntur.
His igitur casibus integratio aequationis huius

dy + ayydz = accz**-*dz
ope logarithmorum, huius vero aequationis
dy + ayydz + abbz**-*dz =0
ope quadraturae circuli absolvitur.

SCHOLION

11. Quoniam aequationis differentialis propositac dy + ayydz =accz*"~*dz
integrale completum duplici modo expressimus, poterimus formulae integralis

- 2gez”
{‘e r dz

—_—
. zz

quae in priori inest, valorem ex posteriori assignare, huiusque adeo integra-
tionem, quae saepenumero maximopere difficilis videatur, exhibere. Posteriori

modo autem invenimus
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167—169] dy 4 ayydz =bz™dz

419

QR—P _ P—QR (P—Q) R
y=%—T=G—g =P t1=r

at est

-
- 2scz
——

Ce ™ u n— dz _
R=——z——-,P=cx 1+;d; tQ —Gzl-l-l"audz

Consequenter habebitur

—gpes”
dz . (20:“"-{- = “d,) Ce ® u
— exr™1 .
y e + azdz + - 2aes”
z—Ce * u
Per priorem vero integrationem est
—8acz"
dz e *
y=1ez"" 5 azdx —:_—u—u'———— ’
zzJ e * adz:zz
ex quorum comparatione oritur
—28e3”
z—Ce ™ fc » adz
e du =
Czzu (2cz" 1.4 zdz—“dz
quae transmutatur in hanc aequationem:
—2acz” —2ae5”
zdz—Ce * udz _fe » dx
Cz(2acz"uzdz + udz—zdu) zz

Quodsi ergo fuerit:

=3+ -5n+1

-n+l1

~— oy 3
=z + 35 ac 167 a?c?
—3n41 —5n+1
=l (nn—1) z ? (nm—1)(9nn—1) =z *
U=T 2 TTgn T ac + 8n 16n  a*c? ete,

haec formula differentialis
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420 DE RESOLUTIONE AEQUATIONIS dy + ayydz = br=dz [ 168—169

~2ac2”
e ® dz
zz
integrari poterit eritque integrale!)
- 283

_ z2dz—Ce ™ wudz
~ Cz(2acz"'uzdz + udz—zdu)

Simili vero modo facto ¢ negativo, quo z et « inter se permutantur, erit formulae
differentialis

+2acz
e ™ dx
uu
integrale
+2scz 28cs”
udz—Ce * zdx Ce * zdz—udz

= Cu(— 2acz"uzdz + zdu — udz) = Cu(2acz"uzdz + udz —zdu)’

in quibus integrationibus C denotat eam constantem arbitrariam, quae per
integrationem more solito ingreditur.

1) Vide p. 404. H. D.
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L'EQUATION DE RICCATI;

Par 3. LIOUVILLE.

T Préscntées d Académie le g novembre 1840.]

L’équation différentielle du premiei' ordre, connue sous le nom d’¢-
quation de Riccati, a été Y'objet des recherches d'un grand nombre de
géometres. Cette équation renferme dans son premier membre la somme
de deux termes, I'un égal 2 la dérivée de la fonction principale v prise
par rapport a la variable indépendante x, T'autre égal au produit du
carré de Y par une constante : daos le second membre, il entre un seul
terme proportionnel i une puissance de la variable indépendante : T'ex-
posant m de cette puissance peut étre nommeé module de Y'équation.

Pour toutes les valeurs du module, on-a trouvé la valeur complete
de la fonction Y exprimée sous forme finie 4 I'aide de quéaratures dé-
finies. Mais lorsqu’on se borne a admettre dans le calcul les signes al-
gébriques, exponentiels et logarithmiques, les cas d’intégrabilité de-
viennent trées rares. Ceux que 'on a indiqués répondent a une cer-
1

Tome VL — Jaxvier 181,
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taine forme des valeurs du module m, savoir

4i .
2i "’

m= —

on les a obtenus par des artifices particuliers, et les méthodes qui Jes
ont fait connaitre ne prouvent pas qu’ils soient les seuls possibles. On
ignore complétement s’il y a d’autres valeurs du module m pour les-
quelles la fonction y pourrait s’exprimer en x i I’aide d’'un nombre li-
mité de signes algébriques, exponentiels et logarithmiques. A la verite
les efforts réitérés des analystes pour découvrir quelque nouveau cas
d’intégrabilité n’ayant produit aucun résultat, on est naturellement
porté a croire qu’il n’en existe aucun difiérent de ceux que nous ve-
nons de citer. On congoit pourtant que cela est loin de constituer une
démonstration rigoureuse. J’ai donc pensé qu'il pouvait étre bon de
soumettre ]a question 4 une analyse exacte, et Je suis parvenu a démon-
trer que les cas d’intégrabilité indiqués plus haut sont en effet les seuls
admissibles. J’ajoute qu’il en serait encore ainsi lors méme qu’aux
sigues algébriques, exponentiels et logarithmiques, on' joindrait le
signe {* d’intégration indéfinie relative 4 la variable x.

1. On sait que I'équation de Riccati, savoir
(1) - g—: + av?® = bx",
se raméne immédiatement 4 la forme

et qu'en posant

= Ta& T ud?
elle devient
: "d3u -
(2) - = 2".u.
Maintenant faisons
u = z.y,
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c¢ qui nous donnera

d? - dy = /]
2P =5 =+ 2 pz?f '.é +p(p—1)zPt y = 2" ¥,

puis substituons i la variable indépendante z une autre variable indé-
pendante x, liée avec elle par la relation z = x". L’équation nouvelle
entre » et x a laquelle nous serons conduits sera assez compliquée;
mais on la simplifiera beaucoup en disposant convenablement des ex-
posants indéterminés r et p. Nous prendrons

De cette maniére on aura

o F=GE)[-FGE)Els

équation comprise dans la formule générale

(4) 5;—J:=(A+ %)J'v

dont elle se déduit en posant

k= () m= - ()G
A la vérité notre transformation devient impossible lorsque I'on a
m= — 2,
mais alors l’équatio.n (2) s'intégre immédiatement, et 'on trouve
u = Cz7 + C'z7,

g et ¢’ étant les deux racines de 'équation ¢ (¢ — 1) =1, tandis que

C et C' sont des constantes arbitraires. Nous mettrons de coté ce cas

particulier : nous supposerons aussi que I'on n’a ni m = o, ni

m = — 4, et que par suite B p’est pas zéro. Pour m = o, Iéqua-
{8
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tion (2) fournirait
u = Ce 4+ Cle—";

pour m = — 4, I'équation (3 se réduisant a

s'intégrerait sans difficulté.

Si la valeur de v peut s’exprimer en fonction de x a I'aide d un
nombre limité de signes algébriques, exponentlels et logarithmiques,
et de signes d’intégrations indéfinies relatives 4 la variable indépen-
dante x, il est visible que y devra s’exprimer de la méme maniére en
fonction de x, et vice versd. Au lieu de discuter en elle-méme et di-
rectement 1’équation de Riccati, il reviendra donc au méme de dis-
cuter I'équation (4) a laquelle elle est intimement liée; c’est ce que nous
allons faire. Pour plus de généralité, nous supposerons, dans nos pre-
miers calculs, que les coefficients A et B ont des valeurs quelconques
différentes de zéro, nous réservant de donner plus tard a ces coefficients
les valeurs particuliéres qui conviennent a I’équation de Riccati.

2. Prouvons d’abord que I’équation (4) n’est vérifiée par aucune in-
tégrale de la forme y = une fonction algébrique de x, I'intégrale in-
signifiante y = o étant, bien entendu, mise de coté. Faisons

B
A+;=-P7

en sorte que notre équation (4) devienne

, d*y N
Dés lors tous les raisonnements contenus dans les n® 4 et 5 de mon
Meémoire sur Uintégration dune classe d’équations différentielles du
second ordre en quantités finies explicites [*], s'appliqueront a I'équa-
tion (5) sans qu'on ait besoin d’y changer un seul mot. Pour prouver

[*] Tome IV de ce Journal, page 42.3.
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que Péquation (5) n’a pas d’intégrale algébrique, il suffit donc de
prouver que le systéme d’équations suivant

du p

= =W

d ’

Tl:_- =(4Pu+ u",

du” N

T';- =a2(pm—1)Pu'+ u",

6) e beeeiannn ..
du i+ 1) : ; ;
= (i 1) (= D Pu ),

(»)
d:{z = pPu*—Y

ne peut jamais avoir lieu en prenant pour z une valeur rationnelle dif-
férente de zéro.

Si la valeur de u était rationnelle en x, celles de «/, «’, etc., le se-
raient également. Imaginons que dans toutes ces fonctions et dans les
produits Pz, Pu', etc., on ait séparé la partie entiére de la partie
fractionnaire, puis décomposé celle-ci en fractions simples par le pro-
cédé connu. Je dis qu'il n’entrera dans z aucune fraction dont le dé-
nominateur soit de la forme (x — x,)?, % étant un nombre entier
égal ou supérieur a l'unité, et x, une quantité différente de zéro; en
effet, parmi toutes les fractions simples de la forme citée qu'on vou-
drait admettre dans la valeur de u, considérons spécialement celle
pour laquelle I'exposant 7 est le plus grand possible; 4 I'inspection
des équations (6), nous voyons que le facteur x — xz, devrait entrer
dans les dénominateurs de &', &’ - . ., ©’* ~", u'*, avec les exposants
respectifs 9 4+ 1, ¥ 4 2,...; ¥ +p — 1, ¥ +x, ce qui est impos-
sible puisque I'on a

dup)

p=1)
dz -

= /.cPu(

Ce raisonnement cesserait d’étre exact si 'on avait x, = o, puisque
P contient x en diviseur; nous voyons donc que le dénominateur de
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doit se réduire a une simple puissance de x, et que par suite il en est
de méme des dénominateurs de u’, u”,... Toutes les quantités u, 1/,
u’y..., peuvent donc s’exprimer par une suite de monomes formes
chacun du produit d'une constante par une puissance de égale a
un nombre entier positif, nul ou négatif. Nous supposerons ces mo-
nomes ordonnés par rapport aux puissances descendantes de a, et
pour mettre en évidence leurs premiers termes, nous écrirons

u=hx"4etc., u=hx"+etc., u' =hx"+etc.

En méme temps nous remplacerons la derniere des équations: (6) par
les deux équations équivalentes

du(f‘)

= = pPul* 7 4 ylr+n) ult+ =g

et nous chercherons les valeurs de &, k..., &, ., : il faudra que 'on
ait ky, = o pour que I'équation u, ., = o soit satisfaite,, et par
conséquent pour que les équations (6) aient lieu avec une valeur ra-

tionnelle de .
L’équation

donne d’abord
"d’on

L’équation
du’
u = = M~ Pu,

en observant que P est de la forme

P = A 4+ etc.,
donne ensuite v
u" = — uAhx" 4+ etc.;
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d’ou

n, = n, h, = — pAh
Ces premieres valeurs sont comprises dans les formules générales

u = (— 1).h.A%.Cy. X"+ etc.,
u*t) = (— 10.h.A7.Cypy (- "' + etc.,

ol €yqy Cygi s soNt des coefficients numériques essentiellement > o.
On s’assurera que ces formules sont exactes, en recourant a 'équation

. (i+1) . .
iy = & = — (i 4+ 1) (& — i) P’

Pour i = 2q, cette équation donne

wCr+ D = (— 1)1+ h.AT*'Cyy. (29 + 1) (1 — 2q).2" +etc.;

Lot résulte
Cagus = (3¢ + 1) (2 = 29) Csy.

Pour i = 2¢ + 1, elle fournit
wor =(— 1)+ AT (nCyy o+ (29+2) (1 — 29— 1)Cypy )™ elc;

d’ou” -
Clqﬁ-l = nCSq-Hl -+ (2(] =+ 2) (”’ — 29— l.) C‘!q-i—l'

Les valeurs obtenues ainsi pour C,, ., et Gy, , sont positives puisque
Pindice 2g + 2 ou 2g -+ 3 ne surpasse jamais (« + 1). La loi énon-
cée tout-a-Theure est donc vérifiée : il s'ensuit évidemment que I'on
ne peut avoir ni %, =o ni #**Y = 0. Donc I'équation (5) n’a
jamais d’intégrale algébrique.

5. Maintenant appliquons 4 I'équation (5) tous les raisonnements
contenus dans les n% 9, 40-et 14 du Mémoire sur P'intégration des
équations, déja cité, et nous verrons que si 'équation { 5) posséde une
intégrale de la forme jy = une fonction finie explicite de x, il faudra

-39 —



8 JOURNAL DE MATHEMATIQUES

necessairement que }’équation

d
(7 d—;+z’=P

puisse étre satisfaite par une valeur de.la forme ¢ = jonction alge-
brique de x. D’aprés la remarque faite.au dernier numéro du méme
Mémoire, ce théoréme subsisterait, et une valeur -de ¢ algébrique en &
devrait encore satisfaire 4 I'équation (7), Jors méme qu’aux signes algé-
briques, exponentiels et logarithmiques, qui déja sont supposés pou-
voir entrer dans les fonctions finies explicites, on joindrait le signe /
d’intégration indéfinie relative & la variable x. La recherche des cas
ou I’équation de Riccati peut s’intégrer sous forme finie en exprimant
explicitement la fonction qui s’y trouve a 'aide de signes algébriques,
exponentiels et logarithmiques, et de signes {* d’intégrations relatives
a la variable indépendante, se réduit donc 2 la recherche des cas ou
I'on peut trouverpour I'équation (7) une intégrale algébrique.

Mais on peut aller plus loin, car 4 I’aide des raisonnements contenus
dans le n° 12 et dans la Note jointe au n° 453 du Mémoire sur Pinté-
gration des équations [*], on prouve sans peine qu'une intégrale ¢ de
I’équation (7) ne peut pas étre algébrique sans étre en méme temps ra-
tionnelle. C'est donc la détermination des intégrales rationnelles que
I’équation (7 ) peut avoir qui doit a présent nous occuper.

‘4. La valeur de ¢ que I’on cherche étant rationnelle, se composera
naturellement d’une partie entiére Q et d’une partie fractionnaire ré-
ductible en une série de fractions simples de la forme

[*]Tome IV de ce Journal, page 446.
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«1 il fant qu’en portant ces valeurs dans )’équation

celle-ci soit satisfaite. Mais comme son premier membre se composera,
apres la substitution, d’une partie entiére et d’une partie fraction-
naire, il sera nécessaire que ces deux parties s’annullent séparément.
Or la partie entiére de ¢2 contient, outre Q2, un terme Q, provenant
du double produit de Q par la partie fractionnaire de ¢ : la partie en-
tiere de P est d’ailleurs A. On doit donc poser

d
£+Q=+QI_A=°'

, . . d e

Le degré de la fonction Q,, et par suite de d—g <+ Q,, est inférieur au
moins d’une unité a celui de Q. L’équation précédente exige donc que
Q? et A soient de méme degré : ainsi Q ne peut étre qu'une simple

; d . s o x ;
constante; des lors d—g et Q, doivent se réduire a zéro. Par suite on

a nécessairement

Q’:A, Q=_"':_\/X

Maintenant occupons-nous de la pzirtie fractionnaire de ¢. Parmi les
fractions simples qui la composent, considérons spécialement celle qui
répond au diviseur = — p, p étant différent de zéro, et, s’il y en a

plusieurs de la forme
G

(x=—p)*’

attachons-nous de préférénce a celle ou 'exposant & est le plus grand.

Dés lors les valeurs de d_!r et de ¢* pourront s’écrire ainsi
dt «G M,
_— e +
" g ppt | Na(z=—p)

G? M
2 e —
(I__ P)nn N, (I_P)ﬂz-—.l’

Tome VI. — Janvier 3841,
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M, ML, N,, N,, étant des polynomes dont les deux derniers ne sont
pas divisibles par  — p. En les substituant dans I'équation (7), on
aura ,

G’ «G M, )

b —
=P R Mg Ko p)

Il
e

Or 2z est au moins égal & @ + 1, et il y aurait absurdité a le supposer
plus grand puisquealors la premiére fraction ne pourrait plus se réduire.
avec aucune autre; il faut donc poser 22 = & + 1, c’est-a-dire & = ;.
Pour que les deux premiers termes se détruisent, G n’étant pas zéro ,
il faut ensuite que G == 1. Ainsi, abstraction faite des fractions simples
dont le diviseur est monome, la quantité’

3 _6__
(r—p)e
est de la forme
1 } 1

o — r—q xr—r’

le nombre des fractions que nous venons d’écrire pouvant, bien en-
tendu, se réduire a zéro. -

Quant aux fractions dont le diviseur est un monome, on les mettra
en évidence si I'on pose dans les calculs précédents p = o, et si de
plus on remplace P par sa valeur '

B
A+;_—,.

La derniére des équations obtenues plus haut devient alors

.: h{’ 5 4
& _ G +hl'_Aé£=°‘

z3 g N,z2~1* K,z*%.

En prenant-« > 1, d'ou 22 > a- 1 > 2, on arriverait 2 une
absurdité, puisque la premiére fraction ne se réduirait avec aucune
autre. On doit donc poser =z = 1, et ensuite G* — G =B, pour que
les termes qui ont le diviseur x2 se détruisent. Il entre donc dans ¢

. G ; :
une seule fraction de la forme — ; I'exposant a s’y trouve égal a 1, et
Z
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le numérateur G est une des racines de I'équation G* — G = B:
nous désignerons cette racine par — £, ce qui suppose

B(B + 1" =B

On voit donc finalement que la valeur rationnelle de 7, qui peut sa-
tisfaire a 1'équation (77), doit étre de la forme

B
t=:\/‘_&—;+ . -+ : +.o.+;—_l:-r,

I-—P T === G

[ satisfaisant, comme on 1'a dit, a 'équation

B(B+1)=
Puisque I’équation
dy B '
@ Z=(a+3)r
est satisfaite par
y=e jldr’

nous devons en conclure que lexistence d’'une telle valeur de ¢ en-
traine celle d’une valeur de y de la forme

ei: \/I'x—ﬂ.Y,

J=
Y étant un polynome entier ;
(x—p)(x—¢) .- (x —T)

Ce polynome doit satisfaire 4 I’équation
a*Y
(8) x——n(B...x\/A)—x.,_zB\/AY—o,

que I'on déduit de F'équation (4) en ¥ mettant pour j sa valeur et en

remplacant B par £ (8 + 1).
2..
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3. Désignons par n le degré du polynome Y, et posons
Y=x"4+hX ...+ " 4.... + 4,

En substituant cette valeur dans I’équation (8), puis égalant i zéro les
coefficients des diverses puissances de x, on trouve d’abord n = 8 :
cette équation, qui provient de I'égalité a zéro du coefficient de x”, ne
peut avoir lieu que si 3 est un nombre entier nul ou positif. La con-
dition dont il s’agit étant supposée remplie et 'exposant z ayant été
pris égal a 2, on trouve ensuite généralement

(B—&)(B+i+1)h;.

higr =%
T T T VAL (i+)
formule a Paide de laquelle on déterminera les coefficients successifs
hyy hyy..., h,, en partant de k, = 1, et qui fournit, comme cela

doit étre, une valeur nulle de g, ou %, ,. La condition que 8 soft
un entier nul ou positif est donc la seule nécessaire; dés qu’elle est
remplie, I’équation (8) est satisfaite par le polynome

Y=2"4+h " ' 4... + h,,

ou n=f et dont les coefficients sont déterminés par la formule que
je viens d’indiquer.

Cela fournit en général pour Y une valeur double a cause du signe
= qui affecte le radical \/A. En continuant  désigner par Y le po-
lynome qui répond au signe -+, et désignant par Z celui qui répond au
signe — , on aura donc cette valeur compléte de y,

y=CexVEA z—F Y 4 Ce—=VA x—6.2,

ou Cet C’sont des constantes arbitraires. L& cas ot £-=-o0 fait excep-

tion, mais on peut.ne.pas s’en occuper puisqu'on-a supposé d‘avance

que B n’est pas nul. Dans ce cas d’ailleurs I'équation (8) se réduisant &
d*y

- dY
— e —
% !,_ax\/Adx.—?,

s’'integreimmeédiatement.
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¢. En résumé, pour que I’équation
\ <y BY o
A4) T (A -+ ;) )

ol la constante A est supposée essentiellement différente de zéro, puisse
étre satisfaite en prenant pour y une fonction de x exprimable par un
nombre limité de signes algébriques, exponentiels et logarithmiques, et
de signes / indiquant des intégrations indéfinies relatives a la variable
x, il est nécessaire et suffisant que B soit de la forme B (B + 1), B
étant un entier nul ou positif. Cette condition étant remplie, on pourra
exprimer a I’aide des signes indiqués et méne & Paide des seuls signes
algébriques et exponentiels I'intégrale compléte de I’équation (4).

Voyons ce que devient la condition précédente ponr I'équation de
Riccati. On a alors

= (2_Y.z2(Z

B=— (=) %5 +)

En remplacant B par B(8 + 1), ou n(n~+ 1), il vient
(2n 4 1) (m* 4+ 4m) 4+ 16n* 4+ 16 = o,

d’ou I’on tire pour m ces deux valeurs

4n __h(+)
“am+3’ MT T ang

m= ;

dont la seconde peut étre écrite ainsi

4(n+1)

,nz—a(n+l}—:’

et qui par conséquent peuvent étre remplacées par la formule double
si connue

4i

m = — ———
2izk’

ou i désigne un nombre entier nul ou positif.
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COUNT RICCATI AND THE EARLY DAYS OF THE RICCATI EQUATION

Sergio Bittanti

1 Introduction

Towards the turn of the seventeenth century, when the baroque was
giving way to the enlightenment, there lived in the Repubblic of
Venice a gentleman, the father of nine children, by the name »of
Jacopo Franceso Riccati. In the cold New Year's Eve of 1720, he wrote
a letter to his friend Giovanni Rizzetti, where, among other things,
he proposed two new differential equations. In modern symbols, these

equations can be written as follows:

: 2 =

x=aXx +8¢t (1)
X =-a xz+ B t+ tz (2)

where m is a constant. This is probably the first document witnessing
the early days of the Riccati Equation, an equation which was to

become of paramount importance in the centuries to come.

2 A'glimpse into Riccati’s life

Count Jacopo Riccat: was born in Venice on May 28, 1676. His father, a
nobleman, died when he was only ten years old. The boy was raised by
his mother, who did not marry again, and by a paternal uncle, who
recognized unusual abilities in his nephew and persuaded Jacopo

Francesco's mother to have him enter a Jesuit college in Brescia.
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Young Riccati enrolled at this college in 1687, probably with no
intention of ever becoming a scientist. Indeed, at the end of his
studies at the college, in 1694 he enrolled at University of Padua as
a student of law. However, following his natural inclination, he also
attended classes of astronomy given by Father Stefano degli Angeli, a
former pupil of Bonaventura Cavalieri. Father Stefano was fond of
Isaac Newton’s Philosophiae Naturalis Principia, which he passed on to
young Riccati around 1695. This is probably the event which caused

Riccati to turn from law to science.

After graduating on June 7, 1696, he married Elisabetta dei Conti
d’'Onigo on October 15, 1696. She bore him 18 children, of whom 9
survived childhood. Amongst them, Vincenzo (b.1707, d.1775), a
mathematical physicist, and Giordamo (b. 1709, d.1790), a scholar

with many talents but with a special interest for architecture and

music, are worth mentioning.

Riccati spent most of his life in his house of Castelfranco Veneto, a
little town located in the beautiful country region surrounding
Venice. Besides taking care of his family and his large estate, he was
in charge of the administration of Castelfranco Veneto, as
Provveditore of that town, for nine years during the period 1698 -
1729. He also owned a house in the nearby town of Treviso, where he
moved after the death of his wife (1749), and where his children had

been used to spend a good part of each year after 1747.

3 The "letterato"” and the man

Notwithstanding all his responsibilities, Count Riccati always found
time for his beloved studies. He did not follow any lecture courses in
mathematics or other scientific disciplines. Basically, the profound
knowledge of the self-taught man was acquired by reading. Among the
journals of the period, it is worth mentioning the most important
academic reports, in particular the Commentari dell’Accademia delle
Scienze di Bologna, the Acta Eruditorum Lipsiae and the reports of St.
Petersburg’s Imperial Academy. Besides these scientific journals,

Count Riccati was a reader of many Italian journals of general
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interest, e. g. the Galleria di Minerva and Giornale de’ Letterati
d’Italia, both printed in Venice, the former from 1696 to 1717 and the
latter from 1710 .to 1740. These journals had diverse interests; a
typical issue would contain poems, short novels, philosophic essays
and occasionally some mathematics. They reflected the spirit of the
period prevailing in Northern Italy, according to which what we mnow
consider a scilentist was supposed to be a "letterato", a person of
profound knowledge and vast interests. In line with this, Riccati had
far-reaching interests, ranging from mathematics to poetry, from
physics to religion, as witnessed by his works and his rich library.
In conclusion, although he agreed with Galileo Galilei that "la pletra
lavagna e’ la pietra di paragone degli ingegni" ("the blackboard is
the appropriate field of comparison of talents"), he also believed
that the brain should be better exercised in a variety of fields. As
he wrote: "L’‘intelletto d’ogni uomo dovrebbe essere educato fin dalla
sua adolescenza a far tesoro delle scienze piu’ eccellenti e delle
arti piu’ belle. Non dico gia’ che qualunque materia si debba
scandagliare fino al fondo. Secondo il genio e il temperamento, una
almeno se ne scelga e sopra di essa di proposito si metta studio.
Nelle altre si faccia come la pecchia, che da ogni fiore va succhiando
una qualche stilla, onde le cose e le voci per cui si esprimono non
riescano nuove, ne’ ci convenga restar su due piedi in molte
occasioni, e guardare un silenzio poco onorevole, per non dir una
decina di spropositi®" ("Since adolescence, the mind should be educated
to treasure the most eminent of sciences and the finest of arts. I do
not want to claim that every topic should be probed in detail.
Following one’'s own talent and inclination, one should select at
least one topic, and study it in depth. In the others, one should
follow the example of the bee which sucks a drop of nectar from each

flower...") (from Opere, Vol 1, p.164).

All through his life, an important complement of reading was direct
exchange of ideas, through correspondence and conversation. Riccati
was in contact with Domenica Maria Gaetana Agnesi, Gabriele Manfredi,
Giovanni Poleni, Giovanni Rizzetti, Giuseppe Suzzi, Antonio
Vallisneri, Bernardino Zendrini, and many other Italians. He was also

in contact with various European mathematicians, such as Jacob Hermann
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and some members of the influential Bernoulli family, mainly Nicolaus
ITII (b.1695, d.1726). Most of Riccati’s correspondence can be found in
Castelfranco Veneto, with the exception of the letters exchanged with

members of the Bernoulli family, which are kept in the Basel

University Library.

Riccati was an undemonstrative, kind man who preferred his home to
academies and universities. His way of life was a very simple one, and
he travelled very little. Probably, the only extended period he spent
away from home was the summer of 1719, when, following the
recommendation of his physician, he moved to Val di Sole to take
advantage of the healthy water of that wvalley. ﬁe turned down many
notable invitations, including the most appealing one of becoming
president of St. Petersburg’s Academy (c. 1725). He also refused the
chair of Mathematics at the University of Padua and the invitation to
the Court of Wien as Aulic Adviser. He was a member of the Academy of
Science of Bologna, but he was informed of the appointment after his

nomination.

Count Riccati was a strong and hard-working person, with an active and
fertile mind throughout the years of his life. On April 2, 1754, he
had a sudden bout of fever. A fortnight later, on April 15, he passed

away.
4 Riccati and the academic world

While in various European Countries most scientists were already
inclined to publish their results in short contributions as soon as
they achieved them, the general attitude in Italy was to wait till a
consistent amount of new results was achieved, and publish then a
comprehensive book, an "Opera". There is no doubt that Count Riccati
was influenced by this attitude, which perfectly matched his pacific
nature. Another distinctive feature of Count Riccati’s personality, so
peculiar when compared with the general attitude of many academic
scientists of his time, was his natural tendency to discuss freely the
results of his achievements with friends and colleagues as soon as he

obtained them, prior to any publication.
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In this connection, the case of Maria Gaetana Agnesl (b.1718,
d.1799), a mathematician of Milan, is worth elaborating. The oldest of
21 children, Maria Gaetana Agnesi was the daughter of a professor of
mathematics, Pletro, who occupied a chair at the University of
Bologna. Very early on, she was recognized as an infant prodigy, and
she set out-on her most important work, Istituzieni Analitiche, at the
age of 20. She spent many years on this two volume treatise on
differential and integral calculus. The Istituzioni were eventually
published in 1748, with an immediate impact on the academic world. A
masterpiece for its clarity and synthesis, Agnesi’s book was
translated into English by John Colson, professor at Cambridge, in
1801. In the preface to her Istituzioni she thanks Count Riccati for
bringing to her knowledge an effective computational method of
integrals which he had explained to her when the method was still
unpublished. ("Nel tomo secondo per entro il calcolo Integrale
ritrovera’ il lettore un Metodo affatto nuovo per i polinomi , ne’ in
luogo alcuno prodotto; questo e’ del celebre, e mai abbastanza lodato
Sig. Co. Jacopo Riccati Cavaliere di singolarissimo merito nelle
scienze tutte, e ben noto al mondo letterario. Ha egli voluto fare a
me questa grazia, che io non meritava, ed io rendo a lui, ed al
pubblico quella giustizia, che si conviene" - "In the second volume,
when dealing with Integral Calculus, the reader will find a new method
for polynomials; this is due to the famous Count Jacopo kiccaci, a
personality of unique merit in all sciences, and well known to the
literate world. He was so kind as to favour me with such gift, which I
did not deserve, and I now do justice to him, and to the public, as it
should be.") Unfortunately, not all the scientists met by Riccati were

as faithful in recognizing his merits as Maria Gaetana Agnesi was.

5 Riccati and differential equations

An appropriate way of appreciating Riccati's contribution to
differential calculus is to consult his Opere, a work in &4 volumes
published in Lucca by G. Rocchi in 1765, after Riccati's death. The
editor was his son Giordano, to whom we are indebted for the care he

took in collecting most of his father’s works. However, if one is
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willing to follow the true sequence of Riccati’s discoveries over the
years of his 1life, one should complement the reading of his

publications with the correspondence he wrote and received.

Riccati’s main interest in the area of differential equations focused
on the methods of separation of variables. Probably, such an interest
originated in the reading of Gabriele Manfredi's book De constructione
aequationum differentialium primi gradus printed in Bologna in 1707
(Manfredi occupied the Chair of Mathematics at Bologna University for
many years). Riccati developed various methods, such as the method of
dimezzata separazione (about 1715), and of coefficienti ed esponenti
indeterminati (about 1717). Both methods were conceived to solve
problems having a physical basis; in particular, the second one was
motivated by a differential equation arising in a pendulum-type

problem.

A compendium of Riccati’s methods can be found in the lecture notes
which he prepared for his private classes to Giuseppe Suzzi and
Ludovico da Riva, who studied mathematics with him during 1722 and
1723. Subsequently, Suzzi and da Riva became professors of
respectively physics and astronomy at the University of Padua. The
lecture notes, which can be found in the Opere, are entitled Della
separazione delle indeterminate nelle equazioni differenziali di primo
e di secondo grado, e della riduzione delle equazioni differenziali
del secondo grado e d’altri gradi ulteriori (On the separation of
variables in differential equations of first and second order, and on
the reduction of differential equations of second order and higher
orders). The notes, actually 154 pages, are comprised of three parts
and two appendices. The first and second parts are devoted to first
order differential equations. Specifically, the first part (Dei metodi
inventati da vari celebri Autori per separare le indeterminate nelle
equazioni differenziali di primo grado) is devoted to methods for the
separation of variables invented by other celebrated mathematicianms.
Here, special reference is made to the work of Gabriele Manfredi. In
the second part (Dei metodi inventati dall’autore per separare le
indeterminate nelle equazioni differenziali di primo grado), the

methods of solution due to Riccati are discussed with reference to
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different equations which we would now call "Riccati equations."”
Finally, the third part deals with second order differential

equations.

As for the specific equations he studied, in these lecture notes and
elsewhere, we should mention, besides (1) and (2), a number of further

equations of first order, such as
x=atfx* g " (3)
x=ath x%g¢t" (h)

vhere m, p, and q are constants. Obviously, (1) is a particular case
of (3) (with p = 0) and (3) is a particular case of (4) (with q = 2).
As for the second order equations, he was particularly attracted by

the equation

which he called "equazione ingannatrice" ("misleading equation"). A
similar appreciation fer such an equation was also expressed by Euler

some years later.

6 History and prehistory of the Riccatl equation

Most probably, Riccati begun to conceive and study egs. (1) - (&) in
1715. Unfortunately, in agreement with his general attitude, he did
not immediately publish the fruit of his work. To the best of our
knowledge, the first evidence of these studies goes back to 1719, when
Riccati met Nicolaus II Bernoulli (1687-1759), who lived in Padua
then (Nicolaus II held the Chair of Mathematics at the University of
Padua from 1716 to 1719). In this meeting, he brought to the attention
of this member of the Bernoulli family "his" differential equations,
and the methods of solutions he knew. In particular, he raised the
question of finding those triples (m,p,q) for which it was possible to

separate the variables.
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On April 1, 1719, Nicolaus II wrote an interesting letter to Pierre
Remond de Monfort, where he discusses the cases of separation of
variables of which he became aware during this private communication,
in particular the case when ¢ = 2 and m + 3p = - 4 . A second
reference to such a conversation can be found in a letter , dated
February 5, 1721, written by Riccati to another member of the
Bernoulli family, Nicolaus III, cousin of Nicolaus II.

During the years 1720 and 1721, Nicolaus III was in Venice as a tutor
in a noble family. He and Riccati met a few times, and then exchanged
a conspicuous correspondence during that period , and following it.
The contact between the two was probably produced by the letter we
referred to at the beginning of this paper, the letter Riccati wrote
on January 1, 1721, to Giovanni Rizzetti. In this important document,
Riccati makes reference to a meeting he had in Bologna with Gabriele
Manfredi, with whom he discussed various questions, in particular the
ﬁroblem of the separation of variables in differential equations. Then
he writes, "When I came back home, I began to write all that I had
thought of on this subject, but I was delayed by two reasons, namely
the difficulty in computation and the suspicion that what I believed
to be new was already known to analysts of great experience, such as
the members of Bernoulli family. This is why I would like to ask you
to be so kind as to communicate the two subsequent formulas, which are
among the simplest ones encompassed by my method, to the Eruditissimo
Signor Niccolo’ Bernullj..." After writing eqs. (1) and (2), Riccati
continues as follows, "Untill now, I have not been able to separate
the variables in the above formulas in general, and I don’t know
whether it will be possible. However, I have found infinite values of

the integer m for which the variables can be separated...".

From the subsequent letters written by Nicolaus III to Riccati, it is
apparent that Nicolaus III encountered many difficulties in proving
that the variables were separable for Riccati’s sequence of integers
m. Furthermore, it appears that, sometime in 1721, Riccati
communicated verbally this famous sequence to Nicolaus III. Indeed,

in Nicolaus III’s letter to Riccati dated August 26, 1721, one can
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read, "I have eventually found the same cases of separation of
variables you referred to when we met in Val di Sole". Then, he
presents his 1liné of reasoning to prove that in equation (3) the
separation was possible for m = -3p -4 and m = (-p - 4) / 3. This
sequence is also reported on in the second part of Riccati’s lecture

notes on the separation of variables mentioned above.

In the same letter, Nicolaus III invites Riccati to write a paper for
the Acta Eruditorum Lipsiae to pose his problem to all mathematicians,

r"who, after the death of Leibnitz and others, had begun to languish."

Riccati accepted the suggestion of Nicolaus III and, in the
Supplements of that Journal, Vol. 8, Sect. 2, pages 67 -73, 1724, the
paper Animadversiones in Aequationes differentiales secundi gradus
was published. In this seven-page paper written in Latin, Riccati
reduces a second order differential equation to equation (3). Then he
poses the problem of finding all exponents m and p for which the
separation of variables was possible. More precisely , the last

statement of the paper is:

In superiori formula x"dq = du + uu dx:q, dato ad libitum exponente m,
statuatur quantitas q = x". Peto qua ratione determinandi sint valores
alterius exponentis n, ut succedat indeterminatarum separatio, &

aequationis constructio per solas quadraturas.

(In the previous formula x"dq = du + uu dx:q, given any exponent m,
let q=x". I pose the question of finding those values of the exponent
n such that the separation of variables is possible...). Note that, in
the terminology of the period, u® is indicated as uu and differentials

are used in place of derivatives. Moreover, the symbol : indicates

division.

This paper, published in 1724, is usually considered as the first
official document on the Riccati equation. Strangely enough, however,
in 1723, in the Supplements of the same Journal, pages 503 - 510, an
Appendix to the above paper was published. In other words, the
appendix was published prior to the paper! The reason for this remains

. .



a mystery. As an obvious consequence, however, we can conclude that
Riccati’s original paper, written on suggestion of the letter of
August 1721 of Nicolaus III, was probably submitted in 1721 or 1722,
although its publication was postponed until 1724,

7 The Riccati equation over the centuries

As we have already said, Riccati knew infinitely many cases when the
separation of variables was possible in his equations. Apparently, he
did not know whether his solution was the most general one. In the
paper of 1724 in the Acta Eruditorum Lipsiae, interested as he was in
posing the problem in its full generality, Riccati did not even
mention the infinite sequence he communicated to Nicolaus III in 1721.
In the same issue of the Acta Eruditorum Lipsiase, Riccati’s paper was
immediately followed by a comment by Daniel I Bermoulli (Daniel I
(b.1700, d. 1782) was a brother of Nicolaus III). The comment ends as
follows: "I now add the solution (to Riccati’s problem). However, in
order to leave to others the possibility of attempting, I will supply
it in a disguised form, the significance of which will be clarified in
due time. The solution of the problem posed by Riccati Esq.in

disguised form is:

l4a, 5b, 6c, 8d, 33e, 5f, 2g,4b,331,61, 21m, 26n, 16 o, 8p, 5q, 1l7r,

l6és, 25t, 32u, 5x, 3y, +,-, i, =, 4,2, 2"

It is not clear to me whether the last character (above indicated as
?) is the number 1 or the letter 1. We also don’t know whether

Bernoulli’s riddle has ever been solved by anyone.

During the latter half of the second decade of the eighteenth century,
various authors studied Riccati problem in its full generality, mainly
his pupil Giuseppe Suzzi, Nicolaus III and, as already said, Daniel I
Bernoulli. With reference to equation (1) Giuseppe Suzzi and Daniel I
derived the formula m = - 4k / (2k * 1), supplying, for all integers
k, infinitely many cases when the variables can be separated. Nicolaus
III considered the more general equation (3) and derived the formula m

= (-2kp -4k % p)/(2kt 1), ‘where k is any positive integer. Here,
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letting p = 0, the sequence discovered by Suzzi and Daniel I is
obtained. Moreover, by letting k = 0 and taking - in the %, the
Riccati sequence m = - 3p - &4 follows. Some years later, in 1732,
Euler obtained the same result by an ingenious procedure of
integration by series applied to equation (1). He also applied the
continued fraction method to the equation and its generalizations. As
a matter of fact, the sequence m = - &4k / (2k * 1) provides all (and
the only) integers for which the variables can be separated in
equation (1), as proven in 1841 by Liouville. In 1776, Lagrange
proposed the scalar and time-yarying Riccati equation in its full

generality.

Many scientists have studied the reduction of differential equatioms
of higher order to a Riccati equation. In particular, in’ 1851,
Francesco Brioschi, the first Rector of the Politecnico di Milano,
reduced a very general second order differential equation to a Riccati
equation. Analogous studies were performed by various physicists in
connection with different problems. For' instance, according to a
quotation of Edoardo Amaldi, Ettore Majorana analyzed the Thomas-Fermi

equation via the Riccati equation.

The importance of the Riccati equation in modern times need hardly be
emphasized. The equation is now fundamental for many design problems

in engineering, especially filtering and control.

As for the theoretical analysis of the equation, the emergence of
system theory concepts in the second part of the twentieth century in
the control science community has led to a breakthrough. Notions such
as controllability and observability, stabilizability and
detectability, have been found to be important tools to study the
equation, and many properties previously obscure have been eventually
brought to light. Attention has also been paid to the discrete-time
counterpart of the Riccati equation, a difference equation usually
also named after Riccati. Efficient numerical algorithms to solve

these equations, both in continuous and discrete time, are now

available.
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This very active research of the last 30 years will undoubtedly
continue to be so for many decades to come, and we can only wonder
what new developments will be brought by the forthcoming century on

this venerable equation, conceived by Count Riccati more than a

quarter of a millennium ago.
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Cover page of a volume of the "Opere"
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Appendix 2
Letter written by Riccati to Nicolaus III Bernoulli on December 2,
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154 - 169.

Euler’s work on the Riccati equation and other equations can be

appreciated by the recent translation from Latin due to M.F. Wyman and

B.F. Wyman:

L. Euler. An Essay on Continued Fractions. in Mathematical Systems

\4
Theory, Vol. 18, p. 295-328, 1985 (translation of the original paper
by Euler published in 1744).

Liouville's proof that m=-4k/(2k * 1) is the only sequence for which

the integration of equation (1) is possible can be found in:

J. Liouville. L‘equation de Riccati. in Journal de HMathématiques

pures et appliqées. Tome VI, p. 1-13, 1841.

The work by Francesco Brioschi, first Rector of the Politecnico di

Milano, on the reduction of second order differential equations to the

Riccati equation is given by:

F.Brioschi. Intorno la integrazione di una equazione alle derivate

del second’ordine. Annali Scienze Matematiche e Fisiche, Tomo 1II,

p. 497-502, 1851.

Majorana's interest in Riccati equations 1is documented by Edoardo

Amaldi in
L.Sciascia. La scomparsa di Majorana. Einaudi, 1975.

The famous letter written by Riccati to Giovanni Rizzetti dated
January 1lst, 1721, as well as five letters to Nicolaus III Bernoulli,

6T =



can be found in

L. Grugnetti. L’Equazione di Riccati. Bollettino di Storia delle
Matematiche, Vol VI, fasc. 1, p. 45- 82, 1986.

The uabove letters witness the very early days of the Riccati
equation. In Grugnetti's paper, one can also find 6 letters written by
Nicolaus III to Riccati in 1721, during the period of his stay in
Italy, plus two letters written by Nicolaus III from St. Petersburg in
1726, one to Riccati and one to Gabriele Manfredi. Most correspondence

is in Italian, except one letter in Latin.

—_——

The remarkable life of Domenica Maria Gaetana Agnesi is reported in

many books, such as
L.M. Osen. Women in Mathematics. The MIT Press, Cambridge, 1974.
As general ;eference for the history of mathematics, the author used
C.B. Boyer. The History of Mathematics. J. Wiley and Sons, 1974.

In particular, the terminology for the members of the Bernoulli family

conforms to that of Boyer.
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More than a quarter of millennium ago, Jacopo Francesco
Riccati, a nobleman born in Venice in 1676, conceived and
studied a first order differential equation which is now
universally named after him.

The original Riccati's paper published in 1724 in the Acta
Eroditorum Lipsiae is reproduced herein. In this paper,
Riccati reduces a second order differential equation to a
first order one, an equation which we would now call a
Riccati Equation. Since the known term of this equation is a
power of the independent variable, the question of finding
all exponents for which the separation of variables is
possible was posed at the end of the paper. Actually, from
various documents it is apparent that Riccati already knew
infinitely many cases for which the separation of variables
was possible.

Later, Riccati's problem was considered by many
mathematicians, such as Euler and Liouville. Here, two
most interesting papers of these scientists are reproduced.
The booklet ends with a paper on Count Riccati and the
early days of his equation, where the history and prehistory
of the Riccati equation can be found.
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